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Abstract
The ‘classical’ model for a massive spinning particle, which was recently
proposed, is derived from the isotropic rotator model. Through this deriva-
tion, we note that the spin can be understood as the relativistic extension of
the isotropic rotator. Furthermore, the variables tµ corresponding to the ψ
∗
of the ‘pseudo-classical’ model, are necessary for the covariant formulation.
The dynamical term for these extra variables is naturally obtained and the
meaning of the constraint term pσΛσν +mtν = 0, which was recently shown
to give ‘quasi-supersymmetry’, is clarified.
∗jhcho@chiak.kaist.ac.kr
Since the discovery of the spin effect by Stern-Gerlach experiment in 1922, several
attempts have been made to understand the ‘spin’ concept. Motivating the depar-
ture from the ‘classical’ theory, ‘spin’ has long been understood as the ‘quantum’
effect.
However, since the explanation of spin via ‘Zitterbewegung’ by Schro¨dinger [1],
we still search for some classical means to understand the spin [2]. By the intro-
duction of supersymmetry [3], we came to know that spin is somewhat ‘relativistic’
effect rather than ‘quantum’ concept. Those ‘pseudo-classical’ formulations use
Grassmann variables to describe the spin degree of freedom. We also can use c-
number spinor for that [4]. Besides this historical aspect, the relativistic spinning
particle has been investigated extensively due to its rich structure [5].
In other direction, there have been some studies on the geometrical construction
of spin using group variables [6]. Furthermore, by the modification of this ‘classical’
model, some analogous features (constraint structure and supersymmetry) with the
pseudo-classical model were found [7]. Moreover, Polyakov’s spin factor [8] can be
obtained via BRST invariant path integral [9].
In this letter, we clarify those concepts concerning the geometrical meaning of the
spin, the constraints and the variables ta corresponding to ψ∗ of the pseudo-classical
model, through the derivation of the model recently proposed in [7]. We start
from the isotropic rotator model and proceed to replace the variables, introduced to
specify the orientation of the rotator, with SO(3) group variables. Further we give
local SO(3) symmetry to describe the variables with respect to the general rotating
frame. Finally, we transfer to the relativistic case.
To describe the non-relativistic free spinless particle, we use the usual position
variables xi. The Lagrangian is then given by
Lposit =
1
2
mx˙2. (1)
For the non-relativistic isotropic rotator, in addition to the above variables specifying
the position of the center of mass, we introduce other variables: the coordinates ri(t)
for a point of the rotator body with respect to the non-rotating frame1, to take into
account the orientation of the rotator;
r(t) = O(t)R0
r˙(t) = O˙(t)O−1(t)r(t)
≡ ̟(t)r(t) = w(t)× r(t), (2)
1We should discriminate the non-rotating frame, which has its origin at the center of mass and
moves with the rotator, from the observer-rest inertial frame where the observer resides.
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where R0 denote the coordinates for that point of the rotator body with respect
to the body-fixed frame, thus is time independent2, and w(t) is the angular veloc-
ity of the rotator with respect to the non-rotating frame. We can also define the
corresponding quantities with respect to the body-fixed frame;
r˙(t) = O(t)O−1(t)O˙(t)R0
≡ O(t)Ω0(t)R0 = O(t)(W0(t)× R0)
≡ O(t)V0(t). (3)
The time dependency of the coordinates r(t) is entirely due to the rotation O(t) ∈
SO(3) of the body. Therefore, we can use O(t) as the orientation coordinates. In
(2,3) the following isomorphism between {IR3,×} and {so(3), [ , ]} is to be noted;
̟(t) = wi(t)Li, Ω0(t) = (W0)
i(t)Li, (4)
where the basis Li for so(3) is adjointly represented as (Li)jk = −ǫijk.
The Lagrangian for this orientation part is given by
Lorient =
1
2
∫
ρ(r)r˙2 dr = −
1
2
ι(t)w(t)2
= −
1
2
I0W
2
0
,
= −
1
2
< Ω0(t), I0Ω0(t) >
= −
1
2
< O−1(t)O˙(t), I0O
−1(t)O˙(t) >, (5)
where ρ(r) is the mass density of the rotator and I0 = O
−1(t)ι(t)O(t) is the moment
of inertia tensor and < , >= −1
2
Tr( , ) is the canonical Killing form3. Finally the
Lagrangian for the free isotropic rotator becomes
Lrotator =
1
2
mx˙2 −
1
2
< S˜0(t), O
−1(t)O˙(t) >, (6)
where S˜0(t) ≡ I0O
−1(t)O˙(t) is the angular momentum seen from the body-fixed
frame. This system is very similar to the one in [6], where they construct the
Lagrangian through topological argument. Furthermore that dynamical term is
nothing but the canonical action that gives the symplectic structure on the group
manifold [11].
2In the general rotating frame, r˙(t) = O˙(t)R(t) + O(t)R˙(t) = O(t)(R˙(t) + O−1(t)O˙(t)R(t)) ≡
O(t)DtR(t), where Dt = O
−1 d
dt
O = d
dt
+O−1O˙(t) is the covariant derivative [10].
3I0 is symmetric with respect to this Killing form due to the trace property and thus can be
diagonalizable. For the isotropic rotator, it is proportional to the identity.
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The system has the apparent global SO(3) symmetry concerning the rotation of
the observer-rest inertial frame.
x(t)→ Gx(t), r(t)→ Gr(t), O(t)→ GO(t), (7)
where G ∈ SO(3) and we note that R0 is invariant under this global rotation.
Together with this global symmetry we also expect a local SO(3) symmetry. For
L(t) ∈ SO(3),
r(t) = O(t)L−1(t)L(t)R0
= O′(t)R(t) ;
O(t) → O(t)L−1
R0 → L(t)R0. (8)
This symmetry means the covariance of the system in the general rotating frame (a
frame with its origin at the center of mass and generally rotating with respect to the
body-fixed frame). We consider this symmetry to be internal in the sense that x(t)
and r(t) are invariant. However Ω0(t) = O
−1(t)O˙(t) does not transform covariantly
under this local internal symmetry;
Ω0(t)→ L(t)Ω0(t)L
−1(t) + L(t)L˙−1(t). (9)
Because of the second affine term, the Lagrangian (6) is not invariant under the
symmetry. To restore that local symmetry we replace the body fixed frame with the
general rotating frame.
R0 ⇒ R(t) = g(t)R0
V0(t) ⇒ DtR(t) = R˙(t) +O
−1O˙(t)R(t)
= (g˙(t)g−1(t) + Ω(t))R(t) ≡ (W(t) + Ω(t))R(t). (10)
Therefore Ω(t) is indeed the connection for this local symmetry and W(t) is the
angular velocity of the rotator with respect to the general rotating frame.
We are now ready to covariantize the Lagrangian for the orientation part;
LORIENT =
∫
ρ(R)
2
(DtR)
2dR
=
∫
ρ(R)
2
[(W + Ω)R]2dR
=
∫
ρ(R)
2
<W + Ω, [R˜, [R˜,W + Ω]] > dR
= −
1
2
<W + Ω, [
∫
−ρ(R)(adR˜)2 dR](W + Ω) >
= −
1
2
<W + Ω, I(t)(W + Ω) >, (11)
3
where R˜ ≡ RiLi ∈ SO(3) and I(t) = g(t)I0g
−1(t) and we omitted the explicit
expression for the time dependence of the variables. This orientation part also can
be written in a compact form as
LORIENT = −
1
2
< S˜(t),W(t) + Ω(t) > (12)
with the definition S˜(t) ≡ g(t)S˜0(t)g
−1(t) = Si(t)Li. For the local SO(3) transfor-
mation the variables transform as;
r(t) = O(t)R(t) = O(t)L−1(t)L(t)g(t)R0;
R′(t) = L(t)R(t),
O′(t) = O(t)L−1(t),
g′(t) = L(t)g(t),
Ω′(t) = L(t)Ω(t)L−1 + L(t)L˙−1(t)
W ′(t) = L(t)W(t)L−1 + L˙(t)L−1(t). (13)
We see thatW(t)+Ω(t) now transforms covariantly which assures that local SO(3)
symmetry of the system. It should be noted that for the covariant description we
introduce other variables g(t) ∈ SO(3). Now the Lagrangian for the isotropic rotator
reads as
LROTATOR =
1
2
mx˙2 −
1
2
<W(t) + Ω(t), I(t)(W(t) + Ω(t)) > . (14)
We note that the Lagrangian (6) comes as a specific case;
L(t) = g−1(t)⇒W ′(t) + Ω′(t) = (O(t)g(t))−1
d
dt
(O(t)g(t)) ≡ s−1(t)s˙(t). (15)
The system in [6] is obtained through the above gauge fixing and with a choice of
S0(t) in a specific direction
4. Further, the meaning of the U(1) symmetry mentioned
there become clear with the view that it is the residual subsymmetry of this local
internal symmetry SO(3). For another specific case, we take the following ‘gauge
fixing’.
L(t) = O(t)⇒W ′(t) + Ω′(t) =
d
dt
(O(t)g(t))(O(t)g(t))−1 ≡ s˙(t)s−1(t). (16)
This corresponds to the description of the system with respect to the non-rotating
frame.
4This is possible because the variation of this I0s
−1(t)s˙(t) part just gives extra numerical factor
that can be absorbed in the scale of that specific direction.
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Now we are in a position to consider the relativistic spinning particle. For the
relativistic description, we replace the variables with the relativistic ones. Further,
we do without those quantities (I0, R0, I(t), R(t), ι(t), r(t)) which designate the ex-
tendedness of the rotator since we now want to describe a point particle.
t→ τ, O(t)→ Λ(τ), g(t)→ Λ¯(τ),
1
2
mx˙2 → px˙,
< S˜(t),W + Ω >→< S˜(t),Λ−1Λ˙ + ˙¯ΛΛ¯−1 >, (17)
where τ is the invariant time parameter and changes the meaning of dot, and Λ, Λ¯ ∈
SO(3, 1). Now, with the basis σµν of so(3, 1), S˜ = S
µνσµν ∈ SO(3, 1) and it concerns
the ‘internal’ angular momentum. We use the first order formalism, accordingly the
following constraints should be taken into account.
p2 +m2 = 0, p = ΛΛ¯m. (18)
Here, particle massm is defined in the ‘body-fixed frame’5. However it is to be noted
that the concept ‘non-rotating frame’ is changed because four dimensional rotation
ΛΛ¯ ∈ SO(3, 1) includes boosting, which makes the ‘non-rotating frame’ depart from
the ‘center of mass’. In this relativistic case, we consider the ‘non-rotating frame’
coincident with the ‘observer-rest frame’. To define the spin that is intrinsic to the
particle, we fix the gauge so that S˜ is fixed in that chosen rotating frame, like mass
m is the fixed momentum in the ‘body-fixed frame’.
With the variables described with respect to this S˜ fixed frame, the Lagrangian
becomes
L = p · x˙−
1
2
< λ˜,Λ−1Λ˙ + ˙¯ΛΛ¯−1 > −N(p2 +m2)−M · λ˜(Λ−1p− Λ¯m), (19)
where the fixed S˜ is denoted as λ˜ and those constraints (18) are (global) Lorentz
invariantly put into the Lagrangian with the Lagrangian multipliers N andMµ. The
λ˜ in the last constraint term accounts for the vanishing of the term for the spinless
particle. Written in components, this Lagrangian leads to
L = pµx˙µ −
1
2
λµνΛσµΛ˙σν −
1
2
λµν ˙¯ΛµσΛ¯ν
σ
−N(p2 +m2)−Mµλ
µν(pσΛσν − Λ¯ν0m). (20)
5Since the point particle is bodiless this name is a little absurd, but we still use that name
avoiding perfusion of terminology.
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It is to be noticed that only Λ¯ν0 components of Λ¯ couple with other variables through
the constraint terms; the components Λ¯νi can be completely decoupled away. This
leaves the following Lagrangian.
L = pµx˙µ −
1
2
λµνΛγµΛ˙γν −
1
2
λµνtµt˙ν −N(p
2 +m2)−Mµλ
µν(pσΛσν +mtν), (21)
where Λ¯ν
0 is denoted as tν . This is exactly the same system as the classical model
recently proposed in [7, 9].
We conclude this letter with some remarks. In three dimension, we introduced
two kinds of variables: xi(t) denote the position whereas ri(t)(O(t)) specify the
orientation. For the covariant description under the local internal SO(3), we intro-
duce other variables g(t). Those variables are corresponding to the observer-rest
inertial frame, the non-rotating frame and the general rotating frame respectively.
The latter two frames are internal in the sense that they are pertaining to the
rotator. However, relativistic extension shuffles the observer-rest frame and the
non-rotating frame because of the boosting. We put the relation between these two
frames through the second constraint in (18). This constraint does the role of bridge
to connect those two frame. Indeed, it corresponds to the constraint p ·ψ+mψ∗ = 0
of the pseudo-classical formulation and generates ‘quasi-supersymmetry’ [7, 9].
The equations of motion can be easily derived by the variational principle;
δxµ ⇒
d
dτ
pµ = 0
δΛ ⇒
d
dτ
(xµpν − xνpµ + ΛµρΛ
ν
σλ
ρσ) = 0. (22)
With the spin component Σµν = ΛµρΛ
ν
σλ
ρσ, we can see these are the right equations
of motion for the relativistic spinning particle. It can also be shown that the Dirac
algebra for the momentum pµ and the total angular momentum Jµν = xµpν−xνpµ+
Σµν is isomorphic to the Poincare´ algebra [7] and the system gives the same spin
factor as the one given by the pseudo-classical model [9].
In this letter, we showed that the classical model for the relativistic spinning
particle can be obtained through the relativistic extension of the isotropic rotator.
We hope this derivation to be helpful for the intuitive understanding of the ‘spin’.
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